INTRODUCTION
In this paper we shall prove some partition identities for a class of combinatorial objects that have played an auxiliary role in the theory of plane partitions for many years: partitions with n copies of n.
To begin with we consider the set A4 (for MacMahon) of ordered pairs of positive integers with the second entry not exceeding the first entry and we totally order this set lexicographically: 1,<2,<2,<3,<3,<3,<4,<4,<4,<4,<5,< '...
We say rc is a partition of v with n copies of IZ if x is a finite collection of elements of M (possibly with repetitions) wherein the first members of the ordered pairs in 71 add up to v. For example, there are 13 partitions of 4 with n copies of n:
Now it is immediate from the standard techniques of partition theory [l, Chap. l] that if P,,,(v) denotes the number of partitions of v with n copies of n, then (1.1) P. A. MacMahon [lo, p. 14211 was the first to note that the right-hand side of (1.1) is indeed the generating function for plane partitions. Plane partitions of n are two dimensional arrays of nonnegative integers nonincreasing in rows and columns with sum n. For clarity, we list the 13 The proof that pM(v) is actually the number of plane partitions of v is nontrivial [ 10, Chaps. 11 and 121. T. W. Chaundy [7] , who first gave a purely combinatorial proof of this fact, was indeed using partitions with n copies of n, as were Cheema and Gordon [8] and Sagan [ 111. An excellent survey of plane partition research was given by Stanley [13, 143. While partitions with n copies of n have thus been useful in many studies of plane partitions, they have never to our knowledge been examined in their own right. Consequently a number of Rogers-Ramanujan-type identities have been overlooked.
To set the stage we must define the weighted difference of two elements of M: If mi and nj are in M, and m 2 n, the weighted difference is ( (mi -nj)) = m-n-i-j.
By ordinary partitions we shall mean the classical linear partitions of Euler (e.g., the five ordinary partitions of 4 are 4, 3 + 1, 2 + 2, 2 + 1 + 1, l+l+l+l). In order to make clear the meaning of these theorems we shall provide the case v = 8 (Table I) .
Theorems 1 and 2 are in fact special cases of a very general theorem of this nature (Theorem 3). In Section 2 we shall prove Theorem 3 and a generalization. In Section 3 we shall discuss the relationship of our work to Baxter's solution of the hard hexagon model [6, Chap. 141 . In Section 4 we shall briefly indicate the path of furture work on these topics.
THE MAIN THEOREMS
Our first object is to prove the following result. THEOREM 3. Let A,(k, v) denote the number of partititons of v with n copies of n such that if the weighted difference of any pair of summana5 mi, rj is nonpositive, then it is even and satisfies
Let B,(k, v) denote the number of partitions of v into parts f 0, &2(k -1) (mod 4k + 2). Then
for all v 2 0 and k > 2.
Remark.
We note that Theorem 1 is the case k = 2 and Theorem 2 is the case k = 3.
Proof:
In a recent paper [S], a general Rogers-Ramanujan identity related to hook differences was presented. For our requirements here we do not need the full result of [S] . Furthermore to make our treatment succinct we shall rephrase the relevant result in terms of Frobenius symbols. As is well known, each ordinary partition of an integer can be represented by a Frobenius symbol (cf. 
Equations (2.7),, (2.7), and (2.7), are now adequate to show that (2.4),, (2.4), and (2.4), (Eq. (2.4), is a tautology for I= 0) are equivalent to (2.1) and the evenness of ( (mi -nj)) when it is negative under the map 4. Clearly if (2. Now (2.4), is obvious in three of the lines of (2.11) by (2.1); however, the second line follows from the fact a -c is an integer and if ( (mi -nj)) is nonpositive it is even. Similarly (2.4), follows from (2.12) by (2.1) and the evenness of nonpositive ((m,-n,)). Finally (2.4), follows from (2.13), (2.14) and (2.1).
Thus we have fully established our bijection, so Everything now proceeds as before with the following changes:
The requirement that ii+, be a part means that it corresponds to a column of the form iO i in the Frobenius symbol. Such a column, of course, must be the last in the Frobenius symbol, and ii+, must be the smallest part of its partition since if ii+, > nj,
Now the part Oj is allowed to be a part in partitions enumerated by A,(k, v); however, since ii+, must be the smallest part (for that is the only place it can appear) we see that the only Oi that can ever appear is 0,. Formally 0, corresponds to the "phantom" column (O,), which is dropped from the full Frobenius symbol. Indeed if 0, occurs as a part it accounts It was in an attempt to understand the left side of (3.1) that Theorems 1 and 2 were discovered [Z] . Rather than give a formal result we shall present the main idea. (A formal theorem and proof can be provided by any interested reader.) Let us continue with the example v = 8 from the Introduction. The exponents of q on the left-hand side of (3.1) that equal 8 are
Indeed inspection reveals that these reresentations of 8 consist of sums wherein there appear strings of consecutive integers with alternating signs and each such string is at least three units separated from any other. The mapping provides the natural correspondence between the exponents of q arising in (3.1) and the partitions with n copies of n considered in Theorem 1.
CONCLUSION
In a subsequent paper, one of us will examine a two variable generating function related to A!(k, v) wherein the exponent on the second variable counts the number of parts in the partition. This will lead naturally to analytic identities that imply the results in this paper. For example, Theorem 1 will arise then as identity (46) in Slater's compendium [12] and Theorem 2 will be (61) in [12] .
The main hope in pursuing the analytic aspects of these results is that we shall find identities resembling those in [ 1, (7. 3.7), (7.4.4)] which will shed light on how to proceed with further study of the identities of this paper or more generally the combinatorial aspects of the statistical mechanics studies of Andrews, Baxter and Forrester [4] and Forrester and Baxter [9] .
